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Abstract. In this paper we are concerned with harmonic maps and 
minimal immersions defined on compact Riemannian manifolds and with 
values in homogenous strongly harmonic manifolds. We show some re- 
sults on the Morse index by varying these maps along suitable conformal 
vector fields. We obtain also that they are global maxima on some sub- 
spaces of the eigenspaces corresponding to the nonvanishing eigenvalues 
of the Laplacian operator on the target manifolds. 







1. Introduction 



Let (M ™, 5) and (A^", h) be Riemannian manifolds of dimension m and 
n, respectively. If we use local coordinates, the metric tensors of M"^ and 
N"' will be written as 



{ga(3)a,/3=l,...mi 



and 



The inverse metric tensor is 

(5'"'^)«/3=l,...m, = (gajs) ^ a,l3=l,...m, 

and 

\g\ = det{gai3)- 

If / : M™" — )• N"" is a map of class C^, its energy density is given by 
(1.1) e(/)(x) = 
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in local coordinates {xi,..,Xm) on M™ and on A^" where the 

Einstein convention summation is used. Or as an intrinsic quantity of Rie- 
mannian geometry of M"* and AT" 

where (., is the pullback by / of the metric tensor of A''"'. 

Then the energy of / is simply 



(1-2) E{f) = / e{f)dvg 

J M"^ 

with dvg = \/\g\dxi...dxm the volume element of in local coordinates. 

Let u) be a vector field along / that means that w is a section of 
f~^TN^ the pullback of the tangent space TN^ by the map /. In local 
coordinates 

if \ ^ 
w = w ixj— — 

dyi 

w induces a variation of / given by 

ft{x) = ex.p{tw)of{x). 

Put 

= exp{tw) 

and 

(1.3) V = 

We get the first variation formula for the energy functional 

d f 

(1.4) -TL^ift) \t=to= - {traceVdil;,woip)f-ij,j^„dvg. 

at jA/m 

Tg{ip) =traccV(i^ is the so called tension field of ■)/') where V denotes the 
covariant derivative on the manifold A^". 

Definition 1. The map f is called harmonic if and only if the tensor field 
t(/) = 0. i.e. f is a critical point of the energy functional E. 

Definition 2. The volume of an immersion f, from a Riemannian manifold 
{M"^,g) into (A/"", h), denoted by V{f), is defined as the Riemannian volume 
of M'^ endowed with the Riemannian metric f*h, the pull back of the metric 
h. 



Definition 3. The map f will be said minimal immersion if it satisfies 
for any vector field w on N'^ along f. 
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Many results on the Morse index of harmonic maps and minimal im- 
mersions from a compact Riemannian manifolds into the Euclidean sphere 
have been obtained by varying the energy functional along conformal vector 
fields on the Euclidean sphere. For a survey on the theory of harmonic maps 
and minimal immersions, we refer the reader to ( [Tj, [4], [9]). 

In ([5j), A. El Soufi shows that for every harmonic map f from an m- 
dimensional compact Riemannian manifold ( M, g ) into the Euclidean sphere 

which enjoys one of the following properties: 

(i) The stress-energy tensor Sg{f ) is positive everywhere and positive 
definite at least at one point in M 

(a) Sg{f) is positive everywhere on M, f is an immersion and f{M) 
is not a totally geodesic sphere of 5". 

Then the Morse index of f , Indsif ) + 

Also he proves 

Let f he a minimal immersion from a compact m— dimensional manifold 
M™ into the sphere S"" (n > 3). Then two possibilities hold: 

(i) Indvif) = n — m , hence (j)(M"^) is a totally geodesic sphere of S"" 

(a) Indy if) > n + 1. Where Indy (/) stands for the Morse index of f. 

In this paper we extend some results on the index of harmonic maps 
and minimal immersions obtained in ([5j) to non necessary spherical cases. 
Mainly, if L denotes an appropriate n + 1- dimensional subspace of the 
eigenspace V\ corresponding to the nonvanishing eigenvalue A of the Lapla- 
cian operator on the target manifold AT" and L-^ is the normal component of 
L, we show that the Morse index, IndEif), ^ harmonic map / defined on a 
compact Riemannian manifold M"^ and with values in homogenous strongly 
harmonic manifolds A^" fulfills IndE{f) > dimL provided that the sectional 
curvature K of the target manifold A"" satisfies AT > k > 0, where «; is a 

2 

constant, the stress-energy tensor S°{f) is positive definite and A < \k,. 
We also obtain that if / : M™" is a minimal isometric immersion not 

totally geodesic from a compact Riemannian manifold into a homogenous 
strongly harmonic Riemannian manifold of dimension n > 3 with sectional 
curvature K satisfying K > k > 0, where k is a constant, then the Morse 
index, Indyif) > dim(L-'-) provided that A satisfies A < \k. Finally we 
prove that harmonic maps whose source manifolds are compact and the 
target ones are homogenous strongly harmonic are global maximum on the 
appropriate (n -|- l)-dimensional subspace L of the eigenspace Vx provided 
that the stress-energy tensor Sg{f) is positive and isometric minimal im- 
mersions from compact manifolds into homogenous strongly harmonic ones 
are global maximum on the L"*". 

2. Conformal vector fields on strongly harmonic manifolds 

In this section we will construct conformal vector fields on strong har- 
monic manifolds along which we will vary the energy and the volume func- 
tional. 
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2.1. Strongly harmonic manifolds. In this section, we will construct 



conformal vector fields by mean of gradients of the eigenfunctions to Lapla- 
cian operator on strongly harmonic manifolds. 

Definition 4. A compact Riemannian manifold (N^'', h) is said to be strongly 
harmonicf we shall say SH- manifold) if there exists a map H : R^xR"^ — > R 
with the property that the fundamental solution of the heat equation K on 
{N^, h) can he written as K{x, y, t) = 'E{p{x, y),t) for every x and y in N"^, 
t in i?^ and p is the distance function on N"". 

For an eigenvalue Aq of the Laplacian A = —div{Vh) on {N'^,h), set 
Va = {f ■ A/ = Xaf} the eigenspace corresponding to Aq and Na = dimVa- 

Let {(/jf }j be an orthonormal basis of Va with respect the global scalar 
product ((/?, ip) = Jj^„ (fipdvfi where dvh denotes the Riemannian measure 
corresponding to the metric h. 

We know from ( ) that the fundamental solution of the heat equation 
K, on the manifold {N'^,h) writes as 

(2.1) 

K{x,y,t) = '^e'^"*'^ipf{x)ip°'{y) for every x,y in iV"" and t in R\. 

a i=l 

From ()2.ip , we deduce that the compact manifold ( A^" , h) is SH if for every 
eigenvalue Aq, there exists a map Sq: R+ — >■ R with 

(2.2) = ^Mx, y)) for every x, y in iV". 

i=l 

Example 1. An important class of homogenous SH- manifold is the com- 
pact symmetric spaces of rank one which we denote by CROSS. Among the 
CROSS spaces we quote the real projective spaces RP'^, and the Euclidean 
spheres S"" ( see [3] ). 

Let (A^", h) be an homogeneous SH- manifold and put for any y € A^", 
A{y) = {ipf{y),...,ipfjjy)). By the relation ([221) the values of A are m 
the Euclidean sphere S^°'~^ centred at the origin of R^" and of radius 
{Ea{0)Vol{N, g))^ .We quote the following lemma 

Lemma 1. f]3jj A is an immersion and its image A(A^") is a n- dimensional 
submanifold of the Euclidean sphere S^°'~^{0, R) in R^"' of radius R = 
{Ea{0)V ol{N,g)r2. 

As a corollary of LemmE[Tl we have 

Corollary 1. For an n- dimensional SH- manifold every eigenvalue of the 
Laplacian has multiplicity greater or equal to n + 1. 
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Since A is an immersion it is locally an embedding so we can choose 
n + 1 points mi, ...,mn+i in A/"" such that their images A(mi), A(m„+i) 
are linear independent positions vectors in R^" . Consider the functions 



(2.3) 



= ^'ptimj)<pf,l<j<n + l, 



1=1 



where {'/'f }j is an orthonormal basis of the eigenspace Va, clearly uj are also 
eigenfunctions. Put 



TV, 



i=l 

Now, we will state the following lemma which will be crucial in the sequel 
of this paper. 

Lemma 2. The matrix {'Ea{p{iT^j , iTT-k)) kj k<n+i invertible. 

Proof. Let us first show that the determinant of the matrix {Ea{p{'mj,mk))i^j k<n+i 
enjoys 
(2.4) 



det 



n,*2,--->*n + l = l 



/ <^fj(mi) ... ipf^{mn+i) \ 
V V^r^, ("^l) ... (/^r^, (mn+i) I 



We proceed by recurrence. In the case n + 1 = 2, the determinant of the 
matrix (Ha(p(mj, mfc))^<^. is given by 



det (H„(p(mj,mfc))) = ^ <(mi)2 ^ (^^(mz)^- I ^ (pf^{mi)^f^{m2) 

h=l 12=1 \n,i2=l 

^ <^(mi)Vr,("i2)'-2 ^ <(miX(m2)<(mi)<(m2) 

n<i2 

(<("^i)¥'r2("^2) - <(m2)<^fjmi)) 



l<ii<i2<Nc, 



(2.5) 



n,j2=l ^ '2 



(toi) (pf(m2) 



For any integer 2 < p < n + 1, suppose that 



det(E:o,(p(mj,mfe))) = — ^ det 
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We have 

det (Ha(/o(mj,mfc))) = ^ s5n(cj)Sc,(/9(mi, m^(i))...Ha(p(mp+i, m^(p+i)) 

o-£Sp+i 

= ^ ■S5n(^^)</'^"("^l)</'^"("^a(l))•••9'^p+l("^p+l)(/7fp+l(m^(p+l)) 

il,...,ip+i=l aeSp+1 
Nc 

il,...,ip+l=l cr&Sp+i 

(2.6) 

Nc 

h,...,ip+l = l aeSp+l,a{l)j^l 

where denotes the finite cyclic group of cardinal p+1 and sgn{a) stands 
for the sign of the permutation a. 

By the recurrent hypothesis the first term of the right hand side of the 
equality (j2.6p becomes 

Nc 

Y 'f'iS^^f Y ^fra(^)'/'i'2("^2)v'i'2("ia(2))-</'rp+i("^p+i)</'rp+i("ia(p+i)) 

jp+l = l 



ere 5, 



p+1 



. Nc 

- Y <("^i)'det 



jl,...,ip+i=l 



Nc 



Y 



il,...,jp+i=l 



/ Vfi("^2) 

¥'f2("^2) 



det 

V V <+i('^2) 



+ 



<p+i("^P+i) / 



(2.7) +(/.-^,(mi)2det 



V <+i("^2) ••• <+,("ip+l) / 

where the writing x means that x does not appear. 
The last term of the right hand side of ()2.6p writes 

Nc 

Y Y ■55'^(o-x("^iX("ia(i))"-v'»"p+i("^p+i)'/'rp+i("ia(p+i) 

ji,...,jp+i=i o-e5p+i,o-(i)^i 
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Yl <^?i("^i)-<+i(^p+i) ^ 

n,...,ip+i=l 



^12 (mi) 



aeSp+l,a{l)^l 



n,...,ip+i=l 



<i(mi)det 



+(-i)X+i("^i)dct 



¥'^'2(^2) 
<l("ip+l) \" 



+ 



By the definition of the determinant, we get 



> = 



No, 



aeSp,a(2)^l 



X det 



+ 



V <+i (^^(2) ) • • • <+i ) / 



■ n,...,ip+i=i (Te5p,o-(p+i)^i 

' ¥'fi(^a(2)) ••• </^?i (^a(p+l)) \ 

Now, by permuting the indices (zi, and noting that it turns out to 
permute (m2, ...,mp+i), we deduce 



il,...,ip+l=l (TeSp,o-{2)^l 



X det 



+ 
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+ ^ Yl (-l)^<^i'i("^l)<+i("^l) Yl «5^('^X(^a(2))-<+i("Ja(p+l)) 

n,...,ip+i=l aeSp,<7(j)+l)^l 



X det 



¥'jj,+i("ip+l) / 



^ (-l)^°(mi)^f,(mi)det 



ii,...,ip+i=l 



\ <+i("^2) ••• < (rnp+i) / 



X det 



(m2) 



'^i2(mp+i) 



+ 



V ^ip+i{rn2) ' ' ' '^ip+i(mp+i) / 



+^ E (-ir<i(mi)<+,(mi)det 
n,...,ip+i=i 



X det 



¥'i'2('^2) 



\ <+i("^2) ••• < (mp+i) / 



^ (-lX(miX(mi)det 

ii,...,ip+i=l 



<^i'2(^2) 



X det 
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(2i 



No, 



1)1 Yl Yl 



ji,...,ip+i=l l<j<i<p+l 



X det 



<.("^P+i) 



Reporting ([221) and in ([221), we obtain the equality ([231). 



Now, Since by construction the matrix ( ip'^^mi.) j i^j^j^ is of rank n+1, 

l<fc<n+l 



there is a cofactor ( (ff(mu) ] with determinant det ( Lp'^lmu) ] ^ 0, 

and from the relation (12. 4p . we deduce that det (Baipimj ,mk))) 7^ 0. □ 

Lemma 3. The gradient vector fields 'Vuj, j = l,...,n + 1 are linearly 
independent. 

Proof. Let € i? be real numbers such that Yl^=i ij^'^j — 0- So 



= Ao / UjUkdVh 

n+1 Afc A^Q I- 
^ ^ ^7V" 



iUkdvh 



n+1 Nc 
j=l i=l 



and since 



we get 



i=l 



n+1 



99^(mp+i) 
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SO if the matrix E{p{mj,mk))i<j^k<n+i is invertible, we get that = for 
j = l,...,n + l. ' □ 

Lemma 4. The gradient vector fields ^uj, j = l,...,n + 1 are conformal 
vector fields on {N^,h). 

Proof. Let X, Y any orthogonal vector fields on A^" i.e. h{X,Y) = 
and Z = Vuj. We have to show that the Lie derivative Lz{h ) of the tensor 
metric h with respect to Z satisfies 

{Lzh){X,Y) = 0. 

But 

iLzh){X, Y) = h{VxZ, Y) + hiVyZ, X) 

(2.9) =2h{VxZ,Y) = 2Hess{uj){X,Y) 

and since the manifold (A^", h) is SH, there is a function H^: i?+ R with 

(2.10) ^(^,"(x)v9r(2/)=H„(/,(x,y)) 

i=l 

for every x, y in A'^". 

Putting X = y in (|2.1U|) and differentiating twice we get 
(2.11) 

Nc 

J2vfiy)dv^ny) = o, Y.dv^?(y^®dipny) + ^vf{y)Hess{^f){y) = o. 

i=l i=l i=l 

Now differentiating ()2.10p twice with respect to x with y fixed we obtain 
(2.12) Y.ip?iy)Hess{^f){x) = Fes5(H„(p(, y))(x) 

i=l 

and evaluating at x = y we get 

Hess{E{p{.,y)){y)=E';^{0)h. 
By taking account of (j2.1ip . we obtain 

Y,d^nx)®dipfix) = -Km. 

i=l 

To compute H'^(O), we take the traces in ()2.12p and infer that 

Kmy)n = ^^fiy)A^ny) = -Xa^{^f{y)f 

i=l 1=1 
= -XaEa{p{y,y)) = -Xa^aiO) 

where n is the dimension of the manifold N'^. 
So 

E':,my) = --^a{p{y,y)) 

n 
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and 

^-^ n 

i=l 



By (EH]), we get 



(2.13) (Hess{^t){y) + ^vny)h) = 0. 

j=i ^ n / 



On the other hand, for the functions uj defined by (12. 4p and for any 
y € A^", we have 

Hess{u,){y) + = ^v=-(m,) Hess{ipf){y) + -vf{y)h 

n • 1 \ ^ 

4=1 

and by the homogeneity of the manifold A^", for any y G iV" there is an 
isometry a on A^"" such that cr(y) = mj, consequently 
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+ ^n, (.) {y) = a* K) [Hess{^t){-) + V^^"^^)) 



i=i ^ 
and from the relation (j2.13p . we get 

(2.14) Hess{uj){y) + ^Uj{y)h = {) 



so by the equalitv( j2.9p . we deduce 

(2.15) iLzh)(X, Y) = 2Hess(ui)(X, Y) = -2(— n,)/i(X, Y) 

n 

and since h{X^ Y) = 0, we obtain 

{Lzh){X,Y) = Q. 



□ 



3. Harmonic maps 

Let \ jf— } be an orthonormal basis in a neighborhood of a point 

1"^'=' ) a=l,...,m 

X G M"*, we have, for the mapping ip defined by (II. Sp 

traceV#(x) = ^ fv^a"™"#(^) - #(VT^)') 

a=l ^ ' 



f; fv:!i:^^"dCod/(^) -dCo^/(vT^)) 

0L = \ 
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a=l \a=l 



= Y.Hess<t>Z [dfig^J^dfi—jj + (r,(/)) 

where 

HesscPZ{X,Y) = V^^™°)"^^"#r„(^) - d<Pl {vTy) . 
So if / is harmonic i.e. Tg{f) = 0, we get 

(3.1) = Y.Hess<i>l {df{^Uf{—)\ . 

3.1. Lower bound of the index. Let r(/) be the space of vector 
fields along the map / : M™ — )• A^" i.e. the sections of the pulled back 
bundle on induced by / from the tangent TN^ bundle on N^. 

The general formula of the second variation of the Energy functional in 
the direction of the vector fields w writes 



dt2 



=0= / [\\^M\^f-'i-TN - 'traceM {R^" {df,w)w,df) dvg 



(3.2) + / Iv a_^,traceVdf) dvg 

J M"^ \ 9t Ot I f-lJ'J^n 



and if / is harmonic, we obtain 

(3.3) 
d''E{f, 



\t=o= j^^ {\\^w\\^f-iTm - traccM {R^" {df,w)w, df) j,_-,j,^„^ dvg. 

For any vector field w on the target manifold along /, we associate 
the following quadratic form 

(3-4) Qf{w) = — — |t=o 

where ftix) = exp{tw)of{x). The Morse index of the harmonic map / is 
defined as the integer 

Ind{f) = Sup {dimF; F C r(/) such that Qf is negative defined on F} . 

Now let Sg{f) be the stress-energy tensor introduced by Baird and Eells 
(see [1]). 

(3-5) Sg{f) = egif)g-rh 

For every x G M"^, we put 

S"g{f){x) = Inf{Sg{f){X,X) : X G T,M^ and giX,X) = 1} . 
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The tensor will be said positive at re ( resp. positive definite ) if we have 
S"g{f)ix) > ( resp. S"gif){x) > 0). 
First we state the following theorem 

Theorem 1. Let {M"^,g) be a Riemannian compact m— dimensional mani- 
fold and (N^,h) be a homogenous strongly harmonic Riemannian manifold 
of dimension n > 3 with sectional curvature K satisfying K > k > where 
K is a positive constant. Let f : M"* — >■ be a non constant harmonic 
map. Suppose that the stress-energy tensor of f is positive definite every- 
where on M"^ and the nonvanishing eigenvalue of the Laplacian operator A 

2 

satisfies A < \k. Then the index of f , Lndsif) ^ dimL, where L is a 
n + 1 -dimensional subspace of the eigenspace V\ corresponding to A. 

Proof. At each point x G M"*, we denote respectively by w'^{x) and 
W'^{x) the tangential and the normal projections of w{x) on the space 
df{T,M) and df{T^M"')^. Let {ei, e„} be an orthonornial basis of T^M™ 
which diagonalizes f*h such that {d/(ei), d/(e;)} be a basis of df {T^M""-) . 
If eg{f){x) ^ 0, then at the point x we have 

\\w^{x)\\l = i2mh' {H^)^df{ei))l 

1=1 

on the other hand we have for each i < I 

\\df{ei){x)\\l = eg{f){x)-Sg{f)ix){ei,ei) 
<eg{f)ix)-S"g{f)ix). 

So we deduce that 

I 

{egif) - S"gif)) (x) \\w^ix)\\l >Y,h{w{xUf{e,)f 

1=1 

and 

I 

Y,h{w{x),df{e,)f-eg{f) \\w^{x)\\^^ < -S"g{f){x) \\w^{x)\\l 

i=l 

then 

I 

^h{wix),df{ei)f - Cgif) \\w{x)\\l 

i=l 

= j2h{w{x),df{e,)f-eg{f)\\w^{x)\\l 

i=l 

<-S°^{f){x)\\w^{x)\\l-eg{f) 
<-S"^{f){x)\\w{x)\\l. 



w'^{x) 
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Consequently 
I 

(3.6) J2h{w{x),df{e,)f - eg{f) \\w{x)\\l < \\w{x)\\l 

i=l 

Now we let 

Wj{x) = -graduj{f{x)) 

where uj = ipf{mj){pf is an eigenfunction of the Laplacian operator 

on N"^ defined previously by ()2.3p . Then 

I 

i=l 

> Sgif) \\gradujfj,_,:^^„ + eg{f) \\gradujfj,_,^^„ . 

So, we have 

I 

WVgradujfj.^irj.j^^ - ^ {R^" {df{ei), graduj)df{ei), graduj) j,_-,r^j^,^ < 
1=1 

I 



\\S/graduj\\j^^j,^„-Kj2{\\df(.ei){x)\\l Hfifraduj || - {df{e^),gradujfj,^,j,^^j < 

i=l 

\\Vgraduj\\j_ij,^„ - k {eg{f) \\gradujf^_^r^^^ + S°{f) \\graduj\\^^_^^^^^ 
Since 



\\V gradujW = g'^' ( V a graduj,V a graduj 



a/3 df df 



V d qraduj, V a graduj 



dxa dxp \ ap aF / 



g»P 



hess{uj{f{x))) {^,V_a_graduj\ 
\ op afk V / 



dxadxp \uj- af- '/h 

where the Einstein convention summation is used, and taking account of the 
formuladSHD 



= 9 7^7^ o'^jhik = 2^eg{f)uj. 

oxa 0Xj3 n-^ ■' ■' 

On the other hand, we get from formula (j2.1ip 

\\graduj\\^r-xrpj^„ dvg = / df^ = / trace{duj®duj){f{x))dvg 

Af™ J/\/™ Ja/™ 
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SO 



(3.7) / \\Vgraduj\\l-ij,j^ndvg = 2^ [ eg{f) \\graduj\\ldvg. 
Consequently 

/ II Vgraduj (/ (a^) ) 1 1 ^ - ( R^" {df{ei), graduj )df{ei), graduj {f{x))) ] dvg < 

I (^^egif) \\graduj{f{x))\\l - /c(e,(/) ||5rad«,(/(x))||^ + \\gradu,ifixml) 
[ egif) \\graduj{f{xmldvg-K [ \\graduj{f{xmldvg 



Hence 



t=oS 



dt^ 
(3.8) 

/ eg{f){2—-K)\\graduj{f{x))\\ldvg-K / S°{f){x) \\graduj{f{x))\\ldvg 

J M"^ ^ J M™- 

which shows that if the eigenvalue A of the Laplacian A^v" operator on A^" 
satisfies 

2 

n K 



t-- 



-o< I S"g{f){x) Wgradujifixmldvg 



then 

dt^ 
so 

IndEif) ^ dimL 

where L is the n + 1 -dimensional subspace spanned by the gradient vector 
fields graduj, j = 1, n + 1. □ 



4. Harmonic map as a global maximum 

In this section, we prove the following global theorem 

Theorem 2. Let {M"^,g) be a compact Riemannian m— dimensional man- 
ifold, {N^, h) he a homogenous strongly harmonic Riemannian manifold 
of dimension n > 3. // the stress-energy tensor of the harmonic map 
f : Af™ —7- iV"" is positive everywhere on M™, then the map f is a global 
maximum of the energy functional on the n + 1- dimensional subspace L 
of the eigenspace V\ corresponding to a nonvanishing eigenvalue A of the 
Laplacian operator on the target manifold. 
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Proof. Let be the Levi-Civita connection on [N"' , {(j)fj* h) , and 
\ > be an orthonormal basis in a neighborhood of a point x S M™ 

which diagonahzes f*h and such that ( df{-^),...,df{^)) is a basis of 
df{T,M)). Then 

where for simphcity w = wj defined previously as minus the gradient of the 
eigenfunction uj given by (j2.3p . so 

m /Pi f) \ 

cy=L 

Since w \s a conformal infinitesimal transformation i.e. {(pfYh = e^'^h, 
where a is some function on the manifold A'^"^, the conformal change of 
connections is then given by: for any vector field X, y on the manifold 

VxY - VxY = X{a)Y + Y{a)X - {X, Y)^ Va 

where (., = h and Vex is the gradient vector field of the function a. Hence 

where ip = of . 
Consequently 



dx,^ / V dxc 



M 



{Tg{'llj),W0'4))^dVg 



M 



Now we compute the gradient of the function a to get 

,^ , . , , {y^ofw{^Z{f{x))MK(fi^)))h {^u.oMfix))Mfix))), 

{\/aof,wof)i^ (x) = K K 

\\w{<pz{f{x))\\i Mfixml 

Hess(u{4>l{f{x))){w{ct>l{f{x))M4>lU{x)))n , Hess{u{f{x))){w{f{x))Mf{x)))^ 
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Using the inequality ()2.14|) . we get that 

(Vao/,u;o/)Jx) = ^ (n(c/>- (/(x)) - 
and also, we have 



Vao/,d/( 



d 



dx, 



« / h 



Hess{u{ct>l{f{x)))Ucpl)jf{^)MKifi^))), Hess{uifix))){df{^),w{f{x)) 



n 



^-<{f{x)) 



\\Hf{mi 

df{i:)Mf{x)) 



H<t>l{f{x))\\l lk(/(x) 



n 



u{<Pl{f{x))-u{{f{x))) 



\Hf{x))\\l 



consequently 



^Vc7o/,d/(^)^^(x)^d/(^),u;o/)^(x) = ^ {u{<PZ{f{x))-u{{f(x))) 



and 

f; (vaof, dfij^)) (x) (dfi-^),wof^^ {x)-eg{f) {Vaof, wof)^ {x) 



a=l ^ --^a / h \ 

_\{u{ct>l{f{x))-u{{f{x))) 



n 



\Hf{x))f 



d 



h Wi \ / h 

m „„Tl 



Now, if at each point x € M™, w (x) and tt; (x) denote the tangential and 
the normal projections of w{x) on the space df{TxM) and df {T^M"^)^ and 
S°{ f ) is the stress-energy tensor of /, we have 

/ / \ 2 

{e.Af)-sm\yuml={^9U)-smY.{dn^), "^^^"^^ ^ 

Q = l \ 



a=l 



d 



^Eidfig^jMrn) 



so 



d 



J2{dfiQ^J^^ifi^))), -eg{f)\\w{f{xml< 



^ \ OXa / h 
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If) \ 



a=l+l 

and since Sg{f) < eg{f), we obtain 



If) \ 
E {dfi^)Mf{^))) - egif) MfixMl < -S^gif) \\w{f{xml 

a=l ^ °' I h 



and since the vector field w is minus the gradient of the eigenfunction u 
corresponding to eigenvalue A, we get 

j^\t=t. ui<pr{fix)) = -\\w{<pr,ifix))\\<o 

that is the function t — )• u{(j)^{f{x)) is decreasing. 
Consequently 

f^(vaof,df{^)\ {x)/df{^),wof\ {x)-eg{f){S7aof,wof)^{x)> 

-^(n(Co(/(x))-n((/(x)))S,°(/) 
and finally we obtain that 

-ff^ift) \t=to= - / {Tg{'4>),W0llj) ^.^^^dVg 



< - I e^-ZW {u{^l{f{x)) - u{{f{x))) S"g{f)dvg 

So if the stress-energy tensor Sg{f) is positive, the energy functional is 
decreasing that means that the harmonic map / is a global maximum of the 
energy functional E{.). □ 

Let Isom{S"') and Conf{S^) be respectively the isometric and the con- 
formal Lie group on the standard unit sphere S". Denote by conf{S^) the 
Lie algebra of Conf{S"') and let w be the negative gradient of the eigen- 
function Uj = ip^{mj)(p^ corresponding to a non vanishing eigenvalue 
of the Laplacian on the 5" , given by ()2.4p , we have 

Corollary 2. // the target manifold is the standard unit n- sphere S"" (n > 
3) endowed with canonical metric then for every w G conf{S'^) 

E{wof) < E{f) 
provided that the stress-energy tensor is positive. 

Proof. We know that 

dim(C7on/(5")//som(5")) =n+l. 

Since the eigenfunctions, corresponding to the first non zero eigenvalue Ai = 
n of the Laplacian operator on the standard n- sphere S^, are the restrictions 
of the linear forms on the Euclidean space i?""*"^ to and their gradients are 
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conformal vector fields, it follows that the set of these gradients is nothing 
than con/(5") and by TheorerrO we get for every w E conf{S^) : E(wof) < 
E{f). □ 

Remark 1. In the particular case where the target manifold is the standard 
n- sphere, we have dim Vx = n + 1. So we get the result in 

5. Minimal Immersions 

5.1. Morse index of minimal immersions. With notations of the 
previous section, if the manifold M"^ is a minimal submanifold of the man- 
ifold A*""-, the second variation with respect to the vector field w along / is 
given by the following integral 



d^ 

^Vift) \t=o- 



^i'wof)\\l -traccM^ {R^" {df,wof)wof,df) ] dv. 



where 



traceM^{R''\df,w)w,df) = Y,(R''\df{^),w)w,df{ ^ 



^ , dxi ' ' dxi 

and a{w) denotes the second fundamental form relative to w. 

To the immersion /, we assign the quadratic form associated to the 
second variation of the volume functional defined on r(/) by 

Hf{w) = ^V{ft) \t=o 

and since this latter depends only on the normal component of elements of 
r(/), we consider only the restriction of Hf to the normal projection r^"(/) 
of the space r(/). The Morse index of /, denoted Indyif), is defined as 
the dimension of the maximal subspace of (f) on which Hf is negative- 
definite. 

In this section, we state the following theorem 

Theorem 3. Let [M^'^g) he a Riemannian compact m- dimensional man- 
ifold, (A^", h) he a homogenous strongly harmonic Riemannian manifold of 
dimension n > 3 with sectional curvature K satisfying K > k > 0, where 
K is a constant, f : M™ — > A^" be a minimal isometric immersion not 
totally geodesic and X be a non vanishing eigenvalue of the Laplacian op- 

2 

erator on the target manifold N"^. Suppose that A satisfies X < ^k. Then 
Indy{f) > dim(L-'-) where L-^ denotes the normal component of ann-\-l- 
dimensional suh space L of the eigenspace Vx corresponding to X. 

Proof. Hf(w) can be written as 



Hf{w) = [ ( Vf-'^^"w^of ' - traccM^ (r''" idf,w^of)w^of,df] 



^9 
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dVg. 



where w = —graduj and w is the orthogonal projection of w on df{TxM^ 
Now taking account of formula (l3.7p . we obtain 



Hf{w) 
so, since 

and 

we obtain 



M 



A 



1 



dVa 



M 



(j{w^of) 



dVg. 



A < 

a{w^) / 
Hf{w) < 0. 



□ 



5.2. Minimal Immersion as a global maximum. In this subsec- 
tion, we establish the following global theorem 

Theorem 4. Let {M"^,g) be a Riemannian m— dimensional compact man- 
ifold, {N'^,h) be a strongly harmonic Riemannian manifold of dimension 
n > 3. If f ■ — 7> A^" is a minimal isometric immersion, then f is a 
global maximum of the volume functional on the normal component of 
an n + 1- dimensional subspace L of the eigenspace Vx corresponding to a 
nonvanishing eigenvalue of the Laplacian operator A on the target manifold. 

Proof. Let w = —graduj, where Uj is the eigenfunction of the Lapla- 
cian operator on A'^" given in section2 by (I2.3p . Let ip = (pt'of where (p^ 
denotes the flow generated by the vector field w. The first variation formula 
reads as 



dt 



Vift, 



tl)(M) 



'dVn 



where denotes the mean curvature of the submanifold iIj{M^) in 

. The variation depends only on the normal component of the vector 

field w. Let g^f"} orthonormal basis at the point x € M, 

then 



1=1 



Since 4>f : (A^", e h) (A^", h) is an isometry, it follows that 



dxi 



V 



* dxi 
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- A^" 

where V is the connection on the manifold {N^,e^^h) and ip^ = 4>t'of. 
From the conformal change of connections formula, we obtain 



i=l 



d d \ 
/*^, /*7^ ) 9rad{a)of, w^of 
OXi OXi I 



and since \^f*-£;r,'w of j = 0, we obtain 

^T^'"'^^^^))) = {K'P - ^9rad{a)of,wof 

= —m {(j)^)* {grad{a)of,wof) , since / is minimal. 
Consequently 

\t=to V{ft) = m / e2-°/(-) {grad{a)of, wof) dvg- to > 



dt 



and taking into account the relation (|2.14|) 

^ \t=t. V{ft) = ^ / e2-/W (n(0-„(/(x)) - n(Co/(x)) d^;,. 

Since the vector field w is minus the gradient of the eigenfunction Uj, we 
have 

^u,{ct^fof{x))t=u = - \\w (C(/(^))) \\l < 
so ■^V{ft) < that is to say 

Vift) < V{M^). 

□ 
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